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Abstract 

We consider the standard model in the formulationo of non-commutative geometry, 
for a Euclidean space-time consisting of two copies. The electroweak scale is set by 
the vacuum expectation value of a scalar field and is undetermined at the classical 
level. By adding the Coleman- Weinberg effective potential, that scale turns out to be 
fixed. Provided that the renormalized form of the Lagrangian maintains the vanishing 
of the cosmo logical constant, we show that the only solutions for the minimization 
equations of the total potential occur in the narrow band 146.2 < rrit < 147.4 Gev for 
the top quark mass, with the corresponding Higgs mass 117.3 < mn < 142.6 Gev. 
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Connes' [1] framework of non-commutative geometry provides a geometrical in- 
terpretation of the Higgs field necessary to break the gauge symmetry spontaneously. 
The structure of space-time is taken to be a product of a continuous four-dimensional 
Riemannian manifold times a discrete set of two points. For such a structure of space- 
time the usual methods of differential geometry fail and must be replaced with the 
more general framework of non-commutative geometry. Using the non-commutative 
setting, Connes and Lott [2] recovered the standard model with all its parameters, at 
the classical level. At present, it is not known how to quantize the non-commutative 
action directly. We are left only with the possibility of quantizing the resulting theory 
in the usual way. The quantum corrections are then given by familiar expressions. 
There is, however, one important difference between this approach and the standard 
analysis connected with the gravitational effects of the discrete geometry. This have, 
under certain conditions, very surprising consequences. Explaining and exploiting 
these effects is the main concern of this note. Geometrically, the distance between 
the two copies of the four-dimensional Minkowski space is the inverse of the elec- 
toweak scale. At smaller scales the flat manifold is curved and the distance between 
the two copies becomes a dynamical scalar field [3]. The leptonic Dirac operator 
associated with Connes-Lott space takes the form 

/7V^^(a^ + ...)®l2®l3 756-"" ® Mi2 ® /C \ 

' V 756-"" ® Mi*2 ® /c* 7"e^(a^ + ...) ® Is/ ' 

where M12 = fcisaSxS family mixing matrix, is the Planck scale, 

and the dots correspond to the spin-connection and derivatives of the a field. It was 
shown in [3] that the gravitational action associated with this geometry yields the 
Einstein-Hilbert action of the metric g^i^ = e'^e'^rjab, as well as a kinetic action for the 
scalar field a. Comparing the Dirac operator (1) with the one used in constructing 
the standard model [2] we find that we must identify Hq =< /xe~'*" >, where Hq is 
the vacuum expectation value (vev) of the Higgs field. In the gravitational part of 
the action, the field a appears only through derivatives and, in the Yang-Mills-Higgs 
action, it appears as a scale factor, in powers of e"'^". There is no pure potential 
term for a, and its vev is undetermined at the classical level. We shall show how e"*^" 
may acquire a vev as a consequence of radiative corrections, and how this imposes 
severe constraints on the top quark mass and the Higgs mass. 

The non-commutative construction usually produces models with a restricted 
set of parameters [2-4]. This is, however, not the case for the standard model where 
the same number of parameters is obtained as in the usual approach. To determine 
explicitly the parameters of the theory and the a couplings, we indicate briefly, and 
in a simplified way, the steps of [2] leading to the classical action. The leptons are 
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arranged in three copies of the multiplet L = ( I with a Dirac operator Di of 



a form given by equation (1). To incorporate the quarks correctly, a bimodule with 
algebras A and B is introduced [2]. When acting on the leptonic Hilbert space, 
the elements a*, 6*, ■ ■ ■ of the algebra A describing the non-commutative space have a 
representation :a diag(ai, 02), where ai is a 2 x 2 quaternionic matrix of continuous 
functions and 02 is a continuous function. A one-form in Q}{A) is given by p = 
a^db^, and the involutive map tt; is defined by 

i 

and this is easily evaluated to be 

""'^P^-yi^ke-^-H* A2 J' 

where Ai and A2 are the U(2) and U(l) gauge fields. The algebra B is taken to be 
Mi{C)®Mz{C) commuting with the action of A^ and the mass matrices in the Dirac 
operator taken to be zero when acting on the elements of B. Then the one-form ry in 
Q}{B) has the simple form 77/(77) = -Sidiag(l2, 1). The leptonic action is 

< L, {D + p + r])L>= J d'^xL{Di + tt^p) + Mv))L. (3) 
The leptonic part of the electroweak bosonic action is 

Ii = Tr^ (CiiOp + e^fD-^+) , (4) 

where Tr^^ is the Dixmier trace [2] , Q is a constant element of A^ and 9p — dp + is 
the curvature. Similarly, the quarks are arranged in three copies of the multiplet Q = 

J" . The elements of the algebra A have the representation a — > diag(ai, a^^'a^) 
dR 

\ur/ 

where ai is a 2 x 2 quaternionic matrix of continuous functions and 02 is a complex 
valued continuous function. The Dirac operator Dq associated with this representa- 
tion is 



' l^ei^id^ + . . .) I2 h 756"'"" ® M12 ® /c' 756"'^'" ® M12 ® /c'' 
Dq = I 756-'^'^ k'* 7^*6(^(9^ + ...)«) I3 

756-'^'" M12* k"* l^e^id^ + . . .) (8) I3 , 



(5) 
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where k' and k are 3x3 family mixing matrices, and M12 = A* ^ q ) • Then the 
one- form in Vi^{A) has the representation 

75i7 ® k' 75# ® /c' 
7rg(p) = I 75/^*0/2'* A2®l3 _0_ |, (6) 

A2 

where Ha = eabH^. On the algebra B the Dirac operator has zero mass matrices, and 
the one form rj in 0^(i5) has the representation 7rg(?7) = i?2diag(l2, 1, 1). Imposing 
the unimodularity condition on the algebras A and B relates the U(l) factors in both 
algebras: tr(Ai) — 0, A2 — Bi — — tri?2 = ^giB. We can then write 

Ai = -^^2AV„ 

^ • , (7) 

B2 = ~9iB-'-g3V'Xi 

where gii 92,93 are the U(l), SU(2), and SU(3) coupling constants, and a°' and A* are 
the Pauli and Gell-Mann matrices respectively. The quark part of the electroweak 
bosonic action is 

i, = Tr(c,{el + e'^)D;'). (8) 

By writing Ci = diag(ci, ci, C2) and Cq = diag(c3, C3, C4, C4), the bosonic action de- 
pends on the constants 01,02,03,04, 91, 92, 93 as well as on the Yukawa couplings and 
on e~'^"'. Normalizing the kinetic energies of the SU{S), SU{2) and U{1) gauge fields 
fixes three of the constants ci, . . . , C4 in terms of 91,92,93- In the special case when 
ci = C2 = C3 = C4, one gets a constraint on the gauge coupling constants as well as 
fixed values for the Higgs mass and top quark mass. These relations cannot be main- 
tained after quantization, as can be seen from the renormalization group equations 
for the coupling constants and the masses [5] . We shall not assume any such relations 
among the c's. The Higgs sector is then parametrized in terms of two parameters A 
and m which are functions of of the c's, k, k' , k" and < Hq >. The bosonic part of 
the standard model is 

+ D^{H + Mi2yD,{H + Mi2)9'""e-^'"' . (9) 
A - - 2 
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\H + Mi2\^ - \Mi2\^ 



The cosmological constant comes out to be zero, naturally, at the classical level. The 
a dependence in (9) is a consequence of the "Weyl invariance" of the actions (4) 
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and (8) under the rescaling of the Dirac operator D 



e ^D, as this imphes g^i, 



e^'^g^iy and Ka Ka + w. This can be easily seen from the scahngs: 7r(p) 



and 7r{6) — > e' 
(9) become 



-2w 



--7r(p) 

7r{6). By redefining H + M12 — > e'^'^H, the iif dependent terms in 



(10) 



The potential in (10) could be rewritten in the familiar form 



(11) 



where we have set m? 



Am 



-2k(t 



SO that m is now a field and not just a parameter. 



A similar potential has also been considered in [6] with a different motivation. The 
potential Vq is of the same form as that of the standard model. At the electroweak 
scale, which is much smaller than the gravitational Planck scale, the Lagrangian we 
consider is renormalizable. The cosmological constant in the standard model can 
be tuned to zero but in the non-commutative construction it automatically comes 
out to be zero at the tree level. We therefore assume that, after renormalization, the 
bosonic action takes the same form as Ii + Iq. We warn the reader that, although this 
assumption appears to be reasonable, we cannot prove that the most general form 
of a non-commutative Yang-Mills action is preserved at the quantum level, in the 
absence of some understanding of its symmetries. We shall proceed in our analysis 
on the basis of this assumption. 

Let (j) be the component of the Higgs field that develop a vev. We are then 
mainly interested in the potential 



(12) 



Minimizing with respect to and m yields the equations 

6 

6 

= —mctP' + —m^. 

A 



(13) 
(14) 



Both equations, (13) and (14), have the same asymmetric phase 



= -m , 



(15) 
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and the weak scale, e"*^*^, is undetermined at the classical level. The quantum cor- 
rections to the potential are given, in the one-loop approximation, by the effective 
Coleman- Weinberg [7] potential of the standard model [8] : 



1 /I ^^2/1 H 3, 3^2/, G 3, 3^^,2/1 W 5, 



where 



H = -m^ + ^A0^ G = -m^ + ^A</.^ 



(16) 



(17) 



and M is the renormalization scale. At the classical minimmum (fp' = ^m^, W, Z 
and T are respectively, the squares of the masses of the Higgs, W^, Z and t particles. 
The potential Vi is independent of M because the coupling constans gi,g2,h, and 
A depend on M through the renormalization group equations in such a way that 
^ = 

Minimizing the total potential V^) + Vi with respect to the fields and m gives 
respectively 

At the scale M = mz, the mass of the Z-particle, the coupling constants gi,g2 as 
well as the vev (f) are known from experimental data, corrected with the help of the 
renormalization group equations [8]: 

^2 = 0.650, gi = 0.358, = 246 Gev, (20) 

and this implies that 

W = m'^ = 6392.002 Gev^, Z = m\ = 8330.996 Gev^ . (21) 

The only unknowns in the minimization equations are A, m and the square of the top 
quark mass T = m^. (In reality, T is the sum of the squares of all the quark masses, 
but this is dominated by the top quark mass). We shall use the top quark mass as 
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a parameter and solve equations (18) and (19) for the full range of this parameter. 
We first express A and m? in terms of H and G: 

X=^{H-G), m^ = ^{H-3G), (22) 

and h in terms of T: hP = After rescaling 

G^GM^, H = HM^, T = TM^, (23) 

the asymmetric solution of equations (18) and (19) is given by the solution of the 
following two equations: 

= G+ ^^(H - G) (H{\nH - 1) + 3G(ln G - 1)) , (24) 



= G+^^{H-G)(^H{lnH-l) + G{lnG-l)) - 
, 3gt0^ gicf>^ In SM^ 2 

+ 128^ r ^^"^ - ^25) 



These equations, being complicated functions of H and G, could only be solved 
numerically, for various values of T. The numerical solutions were easily obtained 
using Mathematica. Before presenting the solutions, we note that for a given value of 
H, G, and T, the Higgs mass can be determined from the formula mjj — which 
gives 

m% = M'({H-G) + :^^r^{H -Gf{\nH + - InG) 

647r2M2 4M2 27r202 ^ >' " 

We now quote the results: There are only two classes of solutions, ior G <^ H and 
for H <^ G. In the first case we find that there are only two narrow bands for the 
top quark mass where solutions exist. The first band is 

0.365 < T < 0.455, G <^H, (27) 

corresponding to a top quark mass 54.90 < rat < 61.35 Gev which is already ruled 
out experimentally. The second band is very narrow: 

2.57<T<2.61, G<^H, (28) 

corresponding to the top quark mass 

146.23 <mt< 147.37 Gev, (29) 
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and a Higgs mass 117.26 < rriH < 142.61 Gev. Clearly this band of values for the 
top quark mass lies within the present experimental average of [9] 

= 149+ (^tfj^ ^e^- (30) 

These solutions are presented in Tables 1 and 2. The second class of solutions occurs 
when 

1.30<T<2.61, H<^G, (31) 

corresponding to the top quark mass 104.07 < rrit < 147.48 Gev, and a Higgs mass 
1208 > niH > 1197 Gev. These solutions are given in Table 3. However, since 
H <^ G, and since the coupling constant A = 0(— 100), the potential, in this domain, 
becomes unbounded from below, signaling the break down of the perturbative region. 
Requiring stability of the electroweak potential excludes this solution. Therefore the 
only accptable solution is (25) which is remarkably constrained, considering the wide 
range of possibilities that one might have apriori. 

To have a better understanding of the solutions obtained, we rewrite eqs (24), 
(25) using the numerical values (20), (21): 

(H - G)H{\nH - 1) = 12T^(lnT - 1) + 3.113136, (32) 

G + 4.3589-^(H - G) (H{liiH - 1) + 3G(ln G - 1)) = 0. (33) 

The right-hand side of eq (32) is zero at T = 0.357644 and at T = 2.61727, becomes 
negative for the values of T in between and positive otherwise. From eq (33) we see 
that if the right-hand side of eq (32) is negative, then G = O(10~^) and G <^ H. 
Ignoring G in eq (32), the left-hand side of this equation becomes negative for < 
H < e, with a minimum value of at H = The right-hand side of eq (32) 
is larger than -f , for 2.569 < T < 2.617 and 0.357 < T < 0.457. The numerical 
solutions, taking G into account, are shown in Tables 1 and 2. When the right-hand 
side of eq (32) is positive then H > G and H > e, or H < G and H < e. In the first 
case, since G must be positive for the potential not to become complex, one finds that 
there arc no solutions. In the second case solutions would exist ii H ^ G, giving rise 
to large negative coupling constant A, and therefore, physically unacceptable. These 
solutions are shown in Table 3. 

We note that the field cr becomes massive with the square of the mass given by: 
= and this is equal to 

ml = kV{2cI>^^^ + ^{H(l-lnH)+3G{l-\nG))). (34) 
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For the physically acceptable solutions we have H = 0{1), G = O{10 and = 
0{M^). Then we find from eq (29) that 

ml = 0{k'^M^), (35) 

so that mcr = O(10~^^) Gev, which is unobservable. 

To summarize, we have shown that the only acceptable solutions for the mini- 
mization of the total potential exist in the narrow band (25) of the top quark mass 
and the Higgs mass. Of course, these predictions have, at best, heuristic value, since 
the problem of fixing the form of the cosmological constant at the one-loop level by 
imposing natural geometrical constraints is not understood. However, they do sug- 
gest that gravitational effects may play a role in understanding masses of fermions 
and Higgses and that methods of non-commutative geometry may be useful in making 
progress on these problems. 
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Table 1 (G ^ H) 


T 


G 






Tfi TT I (-rPV 1 


.360 


0000141 


2.707 


54.518 


148.001 


.370 


0000738 


2.656 


55.276 


147.079 


.380 


0001337 


2.602 


56 025 


145.738 


.390 


.0001934 


2.543 


56.763 


144.194 


.400 


.0002544 


2.479 


57.493 


142.446 


.410 


.0003152 


2.408 


58.213 


140.459 


.420 


.0003763 


2.328 


58.924 


138.159 


.430 


.0004376 


2.235 


59.627 


135.413 


.440 


.0004989 


2.120 


60.321 


131.935 


.450 


.0005602 


1.958 


61.008 


126.869 


.455 


.0005905 


1.823 


61.348 


122.434 



Table 2 {G <^ H) 


T 


G 


H 


mt(Gev) 


(Gev) 


2.570 


.0005928 


1.807 


146.231 


117.257 


2.575 


.0005332 


2.039 


146.374 


125.012 


2.580 


.0004725 


2.173 


146.516 


129.267 


2.585 


.0004110 


2.277 


146.658 


132.461 


2.590 


.0003489 


2.365 


146.800 


135.083 


2.595 


.0002862 


2.443 


146.942 


137.332 


2.600 


.0002230 


2.513 


147.084 


139.307 


2.605 


.0001592 


2.578 


147.225 


141.062 


2.610 


.0000948 


2.638 


147.367 


142.612 



Table 3 {G> H, A < 0) 


T 


G 


H 


mt(Gev) 


mjif (Gev) 


1.30 


181.169 


2.783 


101.069 


1270.816 


1.50 


184.173 


2.789 


111.788 


1208.710 


1.70 


184.174 


2.790 


119.007 


1208.856 


1.90 


184.171 


2.786 


125.813 


1208.153 


2.10 


184.164 


2.776 


132.269 


1206.499 


2.30 


184.151 


2.759 


138.424 


1203.787 


2.50 


184.134 


2.736 


144.317 


1199.892 


2.61 


184.122 


2.719 


147.458 


1197.194 
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